A method for joint trajectory planning of kinematically redundant parallel manipulators is presented in this paper. The method is based on the use of feasibility maps that allow the graphical assessment of postures related to the different working modes of the manipulator. Thus, in such maps suitable trajectories are found in order to improve the performance of the manipulator and to avoid parallel singularities. When the desired path cannot be achieved by using only one working mode of the manipulator without crossing parallel singularities then, by applying the approach proposed here, a number of working modes could be chosen and combined to complete the whole path. The method can be applied to parallel manipulators with one degree of kinematic redundancy, whose legs allow the changing of working modes. The efficiency of this method is shown in a case study with a 3-RRR parallel manipulator (note that this manipulator becomes kinematically redundant if the orientation of the mobile platform is not specified for a desired task), in which postures associated to four working modes are employed in such a way that parallel singularities can be avoided. The obtained joint trajectories are applied to an experimental prototype to successfully execute the desired task.
Introduction
The singularities associated with the direct kinematics of parallel manipulators (referred to as "parallel singularities" in this paper) may cause serious losses of stiffness and even control when they are approached [1] . Avoiding such singularities during motion has then drawn the interest of many researchers [2] [3] [4] [5] [6] [7] . For non-redundant parallel manipulators, several strategies have been proposed to guaranty that the path to be followed by the moving platform remains sufficiently far from singular configurations [8] [9] . Abdellatif and Heiman [10] synthesize paths in the 3D space by avoiding both singularities and collisions. In the aforementioned methods for path-planning it is assumed that only one working mode can be used to accomplish the desired task.
When a non-redundant parallel manipulator has several working modes (associated with the different inverse kinematics solutions), an appropriate selection of the working mode may help avoiding a parallel singularity [11] [12] . A strategy was proposed by Figielski et al. [13] for trajectory planning of a five-bar mechanism by changing the working mode if necessary during pick-and-place motions. The authors applied the active-joint space to define the possible trajectories that can be used to achieve the task. This method was validated by applying it for trajectory planning of the DexTAR manipulator [14] . On the other hand, Macho et al. [15] developed an extensive analysis of the workspace and singularities of the mechanism.
As a result, the authors proposed a strategy for path planning by changing the working mode. Later, to solve this problem, another approach based on the use of performance maps was presented in [16] , which accomplishes the change of the working mode by using a posture of the manipulator far away from parallel singularities.
On the other hand, when the parallel manipulator is kinematically redundant, the issue is different as the inverse kinematic problem admits infinitely many solutions. In trajectory planning of this kind of manipulators the histories of the active joint variables must be obtained in such a way that the end-effector can describe a specified path (main task), and simultaneously the posture of the manipulator achieves a secondary task. This secondary task could be specified as the optimization of the manipulator's kinetostatic performance, the obstacle avoidance or some other assigned by the user.
The problems of optimization of kinematic performance and obstacle avoidance have been investigated in the literature for trajectory planning of serial [17] [18] [19] [20] [21] [22] [23] and parallel [24] [25] [26] [27] [28] [29] [30] [31] [32] kinematically redundant manipulators. In [29] the authors proposed two consistent kinetostatic performance indices, which were applied to solve the kinematic redundancy when the desired task is carried out. The postures of the manipulator during the obtained motion were kept far away from both parallel and serial singularities. In another work, Cha et al. [30] applied the redundancy to avoid parallel singularities based on local optimization. Aginaga et al. [31] proposed to use the inverse singularity (a transition between two working modes) to improve the stiffness of trajectories. Carretero at al. optimized the index referred to as normalized scaled incircle radius (NSIR) to solve the redundancy while the desired task is accomplished [32] . The maximization of the NSIR allows avoiding both parallel and serial singularities. It must be pointed out that the normalized condition number or other equivalent indices have been also used to measure the proximity of a manipulator to singular postures [33] [34] . The approaches of references [29] [30] [31] [32] are applied to follow specific trajectories of the mobile platform. However, they do not take into account changes of working modes, if required, to achieve a task.
The issue treated in this paper, namely the selection of a sequence of working modes for the execution of a prescribed path by a kinematically redundant parallel manipulator, has been studied in [35] based on simulation analyses. Latterly, during experiments with a prototype of the considered manipulator applying the results of that study, it was observed that significant shaking forces and vibrations occurred when changes of working mode were accomplished. These phenomena have not been appreciated in kinematic simulations. Thus, in order to be efficient on the real manipulator, additional conditions and analyses were developed in such a way that a more accurate platform motion can be specified during the changes of working modes. As a result, meaningful improvements to the previous approach in [35] were incorporated. An assessment of the improved method was completed with the experimental prototype and it was observed that the shaking forces and vibrations were eliminated. The supplementary analyses, the whole improved method and its application to the real prototype in a case study are presented in this paper. To the knowledge of the authors no other methods have been proposed to solve the problem studied here, in which tasks having specific trajectories of the mobile platform must be accomplished by kinematically redundant parallel manipulators using multiple working modes.
Some basic notions about kinematics of parallel manipulators are recalled in Section 2. Then, in Section 3 the concepts on the feasibility maps are considered. The proposed improved method and a case study are described in Section 4. The conclusion is presented in Section 5.
Kinematics of the 3-RRR manipulator
Even if the approach proposed in this paper is general and can be applied to other kinematically redundant parallel manipulators, the method is illustrated by applying it to a 3-RRR parallel manipulator. Thus, the analysis achieved on this manipulator can be extended to other architectures with one degree of kinematic redundancy that have multiple working modes.
A schematic representation of a 3-RRR planar parallel manipulator is shown in Figure 1 . The manipulator has 3-DOF (Degrees Of Freedom); its architecture includes three RRR chains (each one named leg). Each chain connects the manipulator's base to the mobile platform in a symmetrical way. The base and the platform are triangular and equilateral, and the links lengths are the same for each leg. In each chain, only the joint connecting the leg to the base is actuated. The first underlined R letter in the designation specifies this feature of the manipulator, and it is also graphically indicated by the gray color of joints in the kinematic scheme. The radius of the circle that passes through the vertices of the platform (resp. the base) is referred to as r (resp. R). The length links are referred to as l 1 and l 2 . Additionally, the joint variables of the fixed joints are the angles θ 1 , θ 3 , θ 5 , as observed in Figure 2 .
To describe the position of the platform in the inertial frame X 0 -Y 0 shown in Figure 1 , the Cartesian coordinates x p , y p , of point P at the centroid of the triangle are employed. The angle φ of the lower edge (V 1 -V 2 ) of the triangle with respect to the X 0 axis is used to define the platform orientation. The variables corresponding to the passive joints are θ 2 , θ 4 and θ 6 . Figure 2 shows a scheme of vectors associated to the manipulator's links, which are applied to the kinematic analysis of the manipulator.
Velocity equations and singularities
The relationship between the vector t of velocities of the mobile platform and the vectorq of the active joint velocities can be expressed as:
where t= ẋ pẏpφ T ,q= θ 1θ3θ5 T . The components of t are referred to the frame X 0 -Y 0 -Z 0 , whose axes X 0 and Y 0 are those shown in Figures 1 and 2 . For the considered manipulator, the matrices A and B in Equation (1) are given by:
r 2x r 2y (r 2x r ay − r ax r 2y ) r 4x r 4y (r 4x r by − r bx r 4y ) r 6x r 6y (r 6x r cy − r cx r 6y )
The matrices A and B are named, respectively, parallel and serial Jacobian matrices [1] . The terms in these matrices are defined as r jy = r j sin(θ j )
where r j = r j and r j = l 1 for j=1,3,5 and r j = l 2 for j=2,4,6; l 1 and l 2 are the length links. The symbol · denotes the Euclidian norm of the argument. On the other hand, the components of vectors r a , r b and r c in the frame X 0 -Y 0 are expressed by the following equations:
The parallel singularities of the manipulator occur when the determinant of matrix A is null. This condition is verified whenever the right lines on U 1 V 1 , U 2 V 2 and U 3 V 3 become parallel or converge in a common point. In the first case the platform loses capacity to apply force on the plane X 0 -Y 0 in the normal direction to the parallel lines. In the second case the torsional rigidity of the platform vanishes with respect to the axis Z 0 . Clearly, such phenomena are not suitable during the accomplishment of a task and consequently the manipulator should operate as far as possible from parallel singularities.
On the other hand, a serial singularity takes place when the determinant of matrix B is null. This situation is verified whenever the angle between links of a leg becomes π (outstretched leg) or 0 (fully folded leg). In both cases the velocity of the extreme point V i (i ∈ [1,2,3]) of the singular leg is null along the leg. Therefore, the platform cannot be displaced in arbitrary directions. Even if the mobility of the platform is degenerated under a serial singularity, the control on the active joints is preserved. Consequently, some strategies can be implemented in order to recover the mobility of the platform [36] [37] .
Working modes
The working modes (WM) of a parallel manipulator can be identified by using the serial Jacobian matrix B. Accordingly, a WM is a set of postures such that the elements on the main diagonal of B do not vanish and their signs do not change [11] . When a change of sign occurs for an element of the diagonal, then the WM changes. It can be observed in Equation (3) that three elements are in the main diagonal of matrix B of the 3-RRR manipulator. Eight possible combinations can be obtained with signs of these elements, thus eight WM are defined for this manipulator. Typical postures corresponding to the eight WM of the 3-RRR manipulator can be appreciated in Figure 3 . The different solutions of the inverse kinematics problem are grouped by the working modes. So, each WM is associated to one solution of the inverse kinematic problem for a given pose of the platform. The posture that allows a change of a WM has one leg in serial singularity. For instance in order to change from W m1 to W m2 , it is observed in Figure 3 that the leg O 3 U 3 V 3 of the manipulator must pass through an outstretched (or fully folded) posture, which is singular.
Inverse of the condition number
The condition number κ of a matrix M is defined as
where M denotes any norm of M. So, by employing the norm 2, the condition number is computed by
where σ M and σ m are, respectively, the largest and the smallest singular values of M. Thus, κ takes values greater or equal to 1. Because the units of the Jacobian matrix A are not homogenized, ordering the singular values does not make sense. Nevertheless, the matrix A homogenized, named A, can be obtained by dividing the third column of A by the characteristic length L c = √ 2r, as proposed in [34] . Then, the inverse of the condition number of A can be found as:
As shown in [34] , using a geometric interpretation, the index κ −1 (A) behaves like a "distance" to parallel singularities. Note that κ −1 (A) is bounded by
Now, κ −1 (A) can be employed as a performance index of the manipulator to avoid parallel singularities. Clearly, κ −1 (A) = 0 means that the manipulator is in a parallel singularity and κ −1 (A) = 1 means that the manipulator is on an ideal isotropic posture. In order to use postures as far as possible from parallel singularities when a task is being achieved, the index κ −1 (A) must be kept as large as possible.
Feasibility maps
Based in the notion introduced by Wenger et al. [38] , a feasibility map for a serial manipulator with one degree of redundancy is a set of all the points (t, x m+1 ) such that all the poses of the end effector associated to a desired task are reachable by using only non-singular postures without collisions and avoiding the joint limits. Here m is the number of operational coordinates defining a pose of the end-effector, x m+1 is an extra operational coordinate, suitably defined by the user, which depends on the joint variables, and t is the execution time of the task. The set of points of a feasibility map is graphically represented as a 2D plot bounded by border curves corresponding to the singular postures of the manipulator, joint limits and collisions. This notion was applied in [39] to find feasible motions of a serial redundant manipulator for a complex task in a cluttered environment.
The usefulness of the feasibility maps was extended in [29] to solve the redundancy of parallel manipulators. In such a work the notion was improved by plotting the values of the index κ −1 (A) for the 3-RRR manipulator following a path defined by the position coordinates x p and y p of the its moving platform. Since the orientation angle φ of the moving platform was not specified, it was chosen as the extra operational coordinate. As a result, the 3D obtained maps allow not only to observe the feasible orientations of the platform but also to identify those values of φ related to both the best and the worst postures of the manipulator. By definition, for a parallel manipulator the number of the feasibility maps is equal to the number of its working modes.
For instance, in the present paper the feasibility maps of the 3-RRR redundant manipulator is obtained for the closed path ACEGI of Figure 4 , in which each right line segment is tracked in 8 seconds by the point P of the platform using cycloidal motions. The map associated to W m1 is shown in Figure 5 (a). Even if the feasibility maps are 3D plots, when a color code is used to designate different level of κ −1 (A) then these maps can be represented as planar plots that show the values of κ −1 (A) related to different orientations of the platform at each time step. The planar map in Figure 5 (b) corresponds to the 3D map of Figure 5 Figure 6 the feasibility maps related to the eight working modes of the manipulator are shown.
Each possible continuous trajectory inside the map, from the beginning up to the end of the task, that does not touch parallel singularities, represents a feasible motion of the manipulator which can be applied to achieve the task. If no such trajectories exist, then the task is not feasible. Hence, by a simple visual exploration of the feasibility map the user can recognize both feasible and non-feasible tasks. When the platform orientation is specified during motion, then the manipulator is non-redundant and the task is feasible if and only if one trajectory for φ can be identified in at least one feasibility map. However, if such an orientation is not specified, then the manipulator becomes kinematically redundant and an infinite number of trajectories of φ could be found. Thus, by considering an additional criterion to assess the quality of motion, one trajectory can be suitably determined in such a way that the performance of the manipulator be improved. 
Case study
The improved method proposed in this paper for trajectory planning is presented in this Section. Without loss of generality the 3-RRR parallel manipulator is considered here for the task examined in Section 3.
The geometric parameters of the manipulator are: l 1 =0.26m, l 2 =0.26m, r=0.29m and R=0.36m. These dimensions are those of the experimental prototype ITLag-IRCCyN shown in Figure 7 . In this case, the centroid P of the platform must follow the path shown in Figure 4 . The path is a polygon composed of four right line segments. Each segment must be followed by a cycloidal motion of P in a period of 8s. The coordinates of points A, C, E, G, I, referred to the frame X 0 -Y 0 are (0.311, 0.18), (0.6, 0.2), (0.2, 0.5), (0, 0.15), (0.311, 0.18), respectively. The units are meters (m). The initial and the final points of the polygonal path are A and I, respectively, with the same coordinates. The feasibility maps associated to the eight working modes corresponding to the specified path are shown in Figure 6 . The proposed method for trajectory planning comprises three phases: preliminary exploration, establishment of a composed feasibility map and design of a trajectory inside this map. These phases are described in the following subsections.
Preliminary exploration
A preliminary exploration in maps of Figure 6 shows that no continuous trajectory, from t=0 sec up to t=32 sec, can be defined in a single map of a WM without crossing a parallel singularity. Therefore, it is necessary to start and to finish the path in two distinct WM. To know the feasible changes of WM and the legs that can be used to achieve these changes the matrix in Figure 8 must be applied. In this matrix different colors are associated to the legs: the yellow color for the leg 1, the green for the leg 2 and the magenta for the leg 3. On the other hand, the columns designate the WM before the change (Starting WM) and the rows define the WM after the change (Goal WM). For instance, the box at the intersection of the column 4 with the row 3 is filled with the magenta color. This means that the leg 3 can define a point in the common border of the feasibility maps associated to W m4 and W m3 . Therefore a change of WM can be completed from W m4 to W m3 . It can be also observed that the box of column 4 with row 1 has no color, consequently no change is possible from W m4 to W m1 .
By analyzing the maps in Figure 6 and taking into account the aforementioned matrix, it can be observed that some combinations of maps allow the manipulator to follow the whole desired path. Combinations such as W m2 -W m1 -W m3 or W m4 -W m3 -W m7 -W m5 can be chosen to find a feasible trajectory.
When choosing one of these combinations, the user has to consider the starting point in the map corresponding to the starting WM, the transitional point to achieve the required change of WM, and the final point in the map of the goal WM. Additionally, the following recommendations need to be taken into account: In order to show how the three legs can be used to change the working modes in a task, the combination W m4 -W m3 -W m7 -W m5 is chosen in this paper. However, in industrial applications other criteria could be employed to take a suitable combination.
It can be observed in Figure 9 that a path can be generated which crosses the maps associated to the chosen WM without reaching zones of parallel singularities. The procedures to obtain both the composed map of Figure 9 and the path inside this map are described in the subsections 4.2 and 4.3.
Completing a composed map
The composed map of Figure 9 is obtained by cutting and joining at specific times the maps corresponding to the chosen working modes. A necessary condition to join two cut maps is that the slopes of the borders must be the same at the section to be joined. Specifically, the time derivatives of the borders must be zero on that section in order to make realistic the matching of the two trajectories inside the working modes to be joined. Otherwise, in the neighborhood of the matching point the trajectories could include points outside the feasibility maps, which would define unrealizable poses of the platform. The instant at which the time derivatives are zero on the borders of the maps is found by applying an optimization method for nonlinear functions [40] . It must be pointed out that, depending on the desired accuracy, the numerical process applied to find those points where the time derivatives vanish could require computing successive values of φ by using time steps smaller and smaller until convergence. Consequently, a procedure to computes φ on the border of the feasibility maps at arbitrary values of time must be established. This procedure is presented in the following paragraphs.
For an arbitrary instant t during the tracking of the desired path of the platform, the coordinates x p , y p of P (Figure 1) are known. So, if the angle φ of the platform is obtained as function of these coordinates when a leg is outstretched, then such an angle will be implicitly known as function of time. Note that points on the border of the maps determine postures with one leg outstretched. Thus, the problem to be solved is to find the value of φ corresponding to the coordinates x p , y p when a leg is outstretched. To solve this problem the postures in Figure 10 are considered.
In Figure 10 the following loop-closure equations are identified: In these equations, for a specified position of P, the vectors r 7 , r 8 , and r 9 are given in terms of their components in the frame X 0 -Y 0 . On the other hand, it is clear that r = r a = r b = r c , and r O i V i = l 1 + l 2 (for i=1,2,3), where the parameters r, l 1 and l 2 are known. So, the equations (13), (14) and (15) can be solved in order to find the Cartesian components of r a , r b and r c in terms of the coordinates x p , y p . Therefore, such components can be identified to those of the same vectors in equations (6), (7) and (8) given in terms of φ, to obtain:
Leg2:
Leg3:
−r cos φ = (g 3 r 9uy − ε · h 3 r 9ux ) (21) where:
in which:
Thus, for an arbitrary time t, the φ angle determined by one leg outstretched is computed by taking into account the current coordinates (x p , y p ) of P. This is achieved by solving the equations (16)- (21) for sin(φ) and cos(φ), and finally replacing their values in:
By applying this process in the numerical method to find the points where the time derivatives vanish, the following coordinates are obtained for the transitional points C, E and G of feasibility maps in Figure 9 : Therefore, the feasibility maps of W m4 and W m3 are matched at t=8s, the maps of W m3 and W m7 are matched at t=16s, and finally the maps of W m7 and W m5 are matched at t=24s.
Designing a trajectory
To design the trajectory, some node points should be chosen inside the combined feasibility map of Figure 9 . The nodes must be connected by curves that produce rotational cycloidal motions of the platform while the desired path is followed. Note that a cycloidal motion provides null velocities and accelerations at both the starting and the finishing points (the cycloidal motions have been extensively applied in cam design and the corresponding equations can be found in the literature, e.g. [41] ). Thus, by observing the combined map, beside the transitional points C, E and G, the supplementary nodes A, B, D, F, H and I are chosen by the user. As pointed out in the previous subsection, the points C, E and G, are taken on the borders of the maps in order to achieve the required changes of working modes. On the other hand, the nodes A, B, D, F, H and I are judiciously chosen by the user in such a way that points of the connecting curves avoid parallel singularities.
The position of node A (starting point) in W m4 is chosen because a high value of the performance index is obtained on it, and a continuous curve can connect points A and C. However, it was observed that by using a single cycloidal motion between A and C the connecting curve touches parallel singularities. To avoid this problem, a supplementary node B is inserted between A and C; then the trajectory is kept out of singularities. Consequently, the rotation of the platform from A to C is completed by applying two successive cycloidal motions: one from A to B, and other from B to C. No one optimization is attempted. The supplementary node B is chosen by observation of the feasibility map.
Similarly, in order to avoid parallel singularities in the maps of the other working modes two cycloidal rotations of the platform are required to move from one transitional point of the trajectory to another. So, two cycloidal rotations are necessary for the segment C-E (W m3 ), two for E-G (W m7 ), and two for G-I (W m5 ) in the map of Figure 9 . The supplementary nodes inserted at each segment are the points D (in W m3 ), F (in W m7 ) and H (in W m5 ). Their locations are defined in such a way that singularities are avoided by the connecting curves and reasonably high values of the index of performance are achieved. The smallest acceptable value of κ −1 (A) can be defined by the user depending on the complexity of the feasibility map. In this case study the lower bound of κ −1 (A) was arbitrarily defined as 0.1. If values of this index are not greater than 0.1 by using only one supplementary node (like B, D, F and H) between the extreme points of a desired cycloidal motion, then more nodes could be incorporated in such a way that κ −1 (A) increases. On the other hand, nodes on the border (like C, E and G) cannot be changed because their time derivatives are zero and changes of working modes must be achieved on them. If the values of κ −1 (A) at such nodes were not acceptable, then other combinations of working modes could be explored.
The coordinates of the supplementary nodes A, B, D, F, H and I, chosen as described, are: The whole trajectory obtained in the combined map stabilizes the behavior of the angle φ of the platform to follow the desired path of P, with smooth changes of WM and keeping the manipulator far away from parallel singularities. After obtaining the behavior of φ, the inverse kinematic problems of position and velocity can be solved to find the corresponding active joint trajectories and histories of joint velocities. Such variables are plotted in Figure 11 ; they are used as control inputs for the actuators of the prototype in order to achieve the task. In Figure 12 a sequence of postures of the manipulator is shown during the execution of the task. A suitable behavior of the index κ −1 (A) during the task can be appreciated in Figure  13 . The smallest value of this index was 0.19 at t=19.6 sec, and the largest value was 0.81 at the beginning of the motion.
Conclusion
In trajectory planning of kinematically redundant parallel manipulators the joint trajectories to be applied must be found in order to achieve specified tasks by using suitable postures. Indeed, the parallel singularity avoidance is a necessary condition for feasible motions of parallel manipulators. The dexterous workspace of parallel manipulators decreases significantly because of such kinds of singularities. Thus, the accomplishment of continuous long paths becomes a complex issue. To solve this problem a method was proposed in this paper for kinematically redundant planar parallel manipulators that has to follow a specified path.
The method applies the feasibility maps associated to the WM of the manipulator. Such maps allow the graphical assessment of the possible trajectories of the platform's orientation, which can be used during the accomplishment of the desired task. By analyzing the maps, the user might determine if one or several WM are needed.
The proposed method allows accomplishing the desired task even if several WM are required to avoid parallel singularities. The trajectories in the maps use cycloidal rotational motions of the platform that produce smooth changes in orientations. When the manipulator arrives at (resp. departs from) a transitional posture for a change of WM, particular conditions must hold in order to avoid large shaking forces in the manipulator. Indeed, on a transitional point of the map's border, both the arriving and the departing paths must be tangent to the border. This condition on the trajectories was not taken into account in [35] . The proposed method is general; it can be applied to redundant parallel manipulators with one degree of kinematic redundancy whose legs allow the required changing of working modes. In the case study of this paper a 3-RRR parallel manipulator was considered. The desired path was a polygon with four vertices; four working modes were needed to follow the whole path. The results of the trajectory planning process were applied to an experimental prototype, and the specified path was successfully completed with a suitable behavior of the manipulator. Smooth motions were observed when the desired path was followed even in transitional postures. Neither vibrations nor inappropriate shaking forces were perceived.
In the procedure presented in this paper the location of supplementary nodes of trajectories in the maps was achieved based on a visual analysis of the feasibility maps. Even if successful results were obtained, an automatic procedure for the location of such points could be suitable. To do that, some additional studies will be addressed in the future.
The index κ −1 (A) employed in this paper for the 3-RRR manipulator is a dimensionally coherent measure of the "distance" of postures from singularities. Other kinetostatic performance indices could be applied in trajectory planning of parallel manipulators. For manipulators whose Jacobian matrix is dimensionally inhomogeneous there is no systematic way of defining a consistent index with a clear kinetostatic meaning. However, criteria based on the electric energy used by the actuators or on their maximal torques could be also interesting [42] . This kind of criteria will be considered in further works.
